The aim of the article is to study the minimal free resolution of the tangent cone of Gorenstein monomial curves in affine 4-space. If C is a non-complete intersection Gorenstein monomial curve that the minimal number of generators of its tangent cone is five, we give the explicit minimal free resolution of the tangent cone of these families of curves and show that the possible Betti sequences are (1, 5, 6, 2) and (1, 5, 5, 1). Also, we give the minimal graded free resolution and compute the Hilbert function of the tangent cone of these families as a result.
Introduction
Let R be the polynomial ring k[x 1 , . . . , x d ] over an arbitrary field k. A monomial affine curve C has a parametrization
where n 1 , n 2 , . . . , n d are positive integers with gcd(n 1 , n 2 , ..., n d ) = 1. The ideal I(C) of the curve C is the defining ideal and is the kernel of the map
given by φ(x i ) = t ni for 1 ≤ i ≤ d. ]/I(C) * where I(C) * is generated by the polynomials f * , the homogeneous summand of f of the least degree, for f in I(C). Here, I(C) * is the defining ideal of the tangent cone of C at the origin.
In this article, we study the minimal free resolution of the tangent cone of a monomial curve C ⊂ A 4 . Since the minimal free resolution of a finitely generated k-algebra is a very important source to extract information about the algebra, finding an explicit minimal free resolution of a standard k-algebra is one of the classical and main problems in commutative algebra. Therefore, it has been extensively studied in the case of affine monomial curves [16, 15, 6, 13, 3, 12] .
A monomial curve given by the parametrization in ( is Gorenstein if and only if the corresponding numerical semigroup < n 1 , n 2 , ..., n d > is symmetric [11] . We recall that a numerical semigroup < n 1 , n 2 , ..., n d >= {n | n = d i=1 a i n i , a i 's are non-negative integers}, where gcd(n 1 , n 2 , ..., n d ) = 1, is symmetric if and only if the number of gaps is equal to the number of nongaps (n / ∈< n 1 , n 2 , ..., n d > with 0 < n ≤ c is called a gap, while n ∈< n 1 , n 2 , ..., n d > with 0 ≤ n < c is called a nongap, where c is the greatest integer not in the semigroup).
Let C be a monomial curve having the parametrization
for which the symmetric numerical semigroup < n 1 , n 2 , n 3 , n 4 > is minimally generated by n 1 , n 2 , n 3 , n 4 . This assures that the Gorenstein local ring k[[t n1 , t n2 , t n3 , t n4 ]] has embedding dimension four and in this case, C is a Gorenstein monomial curve with embedding dimension four. When the embedding dimension four, Bresinsky [4] showed that the ideal I(C) of the curve C is generated by either 3 (complete intersection case) or 5 (non-complete interception case) elements, and gave an explicit description of the defining ideal I(C) with arithmetic conditions on its generators. Knowing the defining ideal I(C) explicitly by the work of Bresinsky [4] , in [2] , based on the standard basis theory, Arslan and Mete found the generators of the tangent cone of a non-complete intersection Gorenstein monomial curve C with embedding dimension four under some arithmetic conditions on the generators of its defining ideal in four cases. In [1] , they generalized the above result and gave a necessary and sufficient conditions for Cohen-Macaulayness of the tangent cone in all six cases. Then, in [10] , Katsabekis studied the minimal number of generators of the tangent cone of a Gorenstein non-complete intersection monomial curve C and showed that if C is non-complete intersection and it has Cohen-Macaulay tangent cone at the origin, then the minimal number of generators of the tangent cone of C is either five or six.
Although for some families of 4-generated numerical semigroups, the minimal free resolution of their semigroups ring is known, when H is 4-generated semigroup which is symmetric, the minimal free resolution and the list of possible Betti sequences of
) is still unknown [14] . Our main aim is to give an explicit minimal free resolution of the tangent cone of Gorenstein non-complete intersection monomial curve C in affine 4-space when the minimal number of generators of the tangent cone of C is five. Based on the Buchsbaum-Eisenbud Theorem [5] and knowing the minimal generators of the defining ideal of the tangent cone in four cases, we give the minimal free resolution of the tangent cone explicitly. Then, we obtain the minimal graded free resolution and compute the Hilbert function of the tangent cone for these families as corollaries. All computations have been done using SINGULAR [8] .
Bresinsky's Theorem
Firstly, we recall Bresinsky's theorem, which gives the explicit description of the defining ideal of a Gorenstein monomial curve with embedding dimension four in the non-complete intersection case.
Theorem 2.1. [4, Theorem 3] Let C be a monomial curve having the parametrization
where S =< n 1 , n 2 , n 3 , n 4 > is a numerical semigroup minimally generated by n 1 , n 2 , n 3 , n 4 . The semigroup < n 1 , n 2 , n 3 , n 4 > is symmetric and C is a non-complete intersection curve if and only if I(C) is generated by the set
where the polynomials f i 's are unique up to isomorphism with 0 < α ij < α j with α i n i ∈< n 1 , . . . ,n i , . . . , n 4 > such that α i 's are minimal for 1 ≤ i ≤ 4, wherê n i denotes that n i / ∈< n 1 , . . . ,n i , . . . , n 4 >.
Theorem 2.1 implies that for any non-complete intersection Gorenstein monomial curve with embedding dimension four, the variables can be renamed to obtain generators exactly of the given form, and this means that there are six isomorphic possible permutations which can be considered within three cases:
Here, the notations f i = (i, (j, k)) and f 5 = ((i, j), (k, l)) denote the generators
Thus, given a Gorenstein monomial curve having parametrization as in (1.2), if we have the extra condition n 1 < n 2 < n 3 < n 4 , then the generator set of its defining ideal is exactly given by one of these six permutations.
In the same article, Bresinsky also shows the following:
The semigroup S =< n 1 , n 2 , n 3 , n 4 > is symmetric and the defining ideal is as in Theorem 2.1 if and only if
In [2] , Arslan and Mete observed that the generator set of each of these curves turned out to be a standard basis with respect to the negative degree reverse lexicographical ordering in the following cases:
• In Case 1(a) with the restriction α 2 ≤ α 21 + α 24 ,
• In Case 1(b) with the restriction α 2 ≤ α 21 + α 23 , α 3 ≤ α 32 + α 34 .
• In Case 2(b) with the restriction α 2 ≤ α 21 + α 24 , α 3 ≤ α 32 + α 34 .
• In Case 3(a) with the restriction
And in all above cases, the minimal number of generators of the tangent cone of a Gorenstein non-complete intersection monomial curve is five.
Minimal Free Resolution of The Tangent Cone
In this section, we study the minimal free resolution of the tangent cone of Gorenstein non-complete intersection monomial curve C in embedding dimension four when the minimal number of generators of the tangent cone of C is five.
Case 1(a) : Here,
Here,
We note that in Case 1(a), the condition n 1 < n 2 < n 3 < n 4 implies
Since the extra condition α 2 ≤ α 21 + α 24 and using Lemma 5.5.1 in [7] , the defining ideal I(C) * of the tangent cone is generated by the following sets:
Theorem 3.1. Let C be a Gorenstein non-complete intersection monomial curve in A 4 and let the generators of the defining ideal of the tangent cone be
is a minimal free resolution for the tangent cone of C, where
Proof. Let
It is easy to show that φ 1 φ 2 = φ 2 φ 3 = 0 proving that the sequence above is a complex. To prove the exactness, we use Buchsbaum-Eisenbud criterion [5] . Therefore, first we need to check that
Clearly, rank(φ 1 ) = 1. Since every 5 × 5 minors of φ 2 is zero, by McCoy's Theorem rank(φ 2 ) ≤ 4. In matrix φ 2 , deleting the 1st and the 3rd columns, and the 2nd row, we have −x 2α2+α32 2 and similarly, deleting the 1st row, and the 5th and the 6th columns, we obtain x Let
Similar to the first case, it is clear that φ 1 φ 2 = φ 2 φ 3 = 0. rank(φ 1 ) = 1 is trivial. In matrix φ 2 , deleting the 1st row, and the 5th and the 6th columns, we have −x = −f 1 * 2 and similarly, deleting the 1st and the 3rd columns, and the 2nd row, we obtain −(f 2 ) 2 x 2α32 2 and these determinants are relatively prime. 2-minors of φ 3 are
Among these 2-minors of φ 3 , we have {x 
We note that in Case 1(b), the condition n 1 < n 2 < n 3 < n 4 implies α 1 > α 13 + α 14 , and α 4 < α 41 + α 42 . The extra condition α 2 ≤ α 21 + α 23 and α 3 ≤ α 32 + α 34 using Lemma 5.5.1 in [7] imply that the defining ideal I(C) * of the tangent cone is generated by the following sets: 4 . If the generators of the defining ideal of the tangent cone is
then the minimal free resolution for the tangent cone of C is
where 
then the minimal free resolution of the tangent cone of C is
3 ).
Since φ 1 φ 2 = φ 2 φ 3 = 0, the first sequence above is a complex. To prove the exactness, first we need to check that rank(φ 1 ) + rank(φ 2 ) = 1 + 4 = 5. and similarly, deleting the 2nd row, and the 1st and the 3rd columns, we obtain f and these three determinants are relatively prime. Thus, I(φ 3 ) contains a regular sequence of length 3.
Let
Similar to the first case, it is clear that φ 1 φ 2 = φ 2 φ 3 = 0. rank(φ 1 ) = 1 is trivial. In matrix φ 2 , deleting the 3rd row, and the 2nd and the 6th columns, we have x 2α3 3 = f 3 2 * and deleting the 4th and the 6th columns, and the 4th row, we obtain −x α32 2 f 4 2 * and these determinants are relatively prime. Among the 2-minors of φ 3 , we have −f 3 * , x α21 1 f 4 * and x α42 2 f 2 and these three determinants are relatively prime. Thus, I(φ 3 ) contains a regular sequence of length 3. Now, let the defining ideal of the tangent cone be
It is clear that φ 1 φ 2 = φ 2 φ 3 = 0. To prove the exactness, we need to show that
Clearly, rank(φ 1 ) = 1 and rank(φ 3 ) = 1. In matrix φ 2 , deleting the 3rd row and the 4th column, we have f 3 2 = (x and these determinants are relatively prime.
And let the defining ideal of the tangent cone be
. As in the above case, rank(φ 1 ) = 1 and rank(φ 3 ) = 1. In matrix φ 2 , deleting 2nd row and 1st column, we have f 2 2 and deleting 4th row and 5th column, we obtain f 4 2 * = x 2α4 4 and these determinants are relatively prime.
Case 2(b) :
In this case,
Note that in Case 2(b), the condition n 1 < n 2 < n 3 < n 4 implies α 1 > α 12 + α 13 and α 4 < α 41 + α 43 . Since the extra condition α 2 ≤ α 21 + α 24 and α 3 ≤ α 32 + α 34 using Lemma 5.5.1 in [7] , the defining ideal I(C) * of the tangent cone is generated by the following sets: 
where
Since φ 1 φ 2 = φ 2 φ 3 = 0 proving that the first sequence is a complex. Similar to the above cases, to prove the exactness, we need to check that rank(φ 1 ) + rank(φ 2 ) = 1 + 4 = 5.
rank(φ 2 ) + rank(φ 3 ) = 4 + 2 = 6 rank(φ 1 ) = 1 is trivial. Since every 5 × 5 minors of φ 2 is zero, rank(φ 2 ) ≤ 4. In matrix φ 2 , deleting the 1st and the 6th columns, and the 3rd row, we have f and deleting the 2nd row, and the 4th and the 5th columns, we get f and these three determinants are relatively prime. Thus, I(φ 3 ) contains a regular sequence of length 3.
Similarly, it is clear that φ 1 φ 2 = φ 2 φ 3 = 0 and rank(φ 1 ) = 1. In matrix φ 2 , deleting the 3rd row, and the 1st and the 6th columns, we have x Here, α 1 = α 21 + α 31 , α 2 = α 12 + α 42 , α 3 = α 23 + α 43 , α 4 = α 14 + α 34 .
We note that in Case 3(a), the condition n 1 < n 2 < n 3 < n 4 gives α 1 > α 12 + α 14 and α 4 < α 42 + α 43 . The extra conditions α 2 ≤ α 21 + α 23 , α 3 ≤ α 31 + α 34 and Lemma 5.5.1 in [7] imply that the defining ideal I(C) * of the tangent cone is generated by the following sets:
• I(C) * = (x 
